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Dynamical Symmetry in 2D integrable models

Space of fields

Lattice:
Deformed Conformal
Deformation Algebras ?

Conformal Field Theory: 2 Integrable massive QFT:
Conformal Algebra %

Number of local operators

e CFT: Character of Virasoro algebra Tr gt

o Lattice: Trace of corner transfer matrix Tr glo
@ Massive FT: Z q#spinfs solutions form factor equations
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Massive Integrable 2D QFT

Perturbed two dimensional CFT (¢ =1 — ﬁ, Ay = é;—i))

A= Acrr + )\/d2y (y)

(01(x) 02(0)) massive = (O1(x)02(0)*/ & 1))

conformal

S-matrix description

_sinh B+ isinm§
() = sinh 8 — isinmw&

(01(x)02(0)) s = 3, [ B+ (OL(X)]6 -4, -|02(0))
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Exact form factors

Axioms (E = mcosh 3, P = msinh 3)

(0|B1, B2, ...) = S(B1 — B2)(O|B2, b1, - - )

(O|B1+ A B+ A,...)=e’(0|b1, fa,...)

<O|,81 +27Ti, ﬁz, “ e 76n> = (O‘/Bg, oo .,5n,,31>
esgy=p,+in(O1B1, B2, B3 - ) = i(1 = [ [ S(B2 — £)))(OIBs, . )

Exact answers:
@ Primaries are studied well

@ Descendants: there are questions
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Composite operators

Composite operators
o(xi) - p(xa) - =D 0i(x0),  [Xm — Xn] << R

Composite operators: Order,

Disorder, Energy,... Scaling fields

Number of fields is "the same” as for A = 0, but ...
(01(x) 02(0)) assive = (O1(x) 02(0)e*/ & 1))
@ No Virasoro algebra
o No Vir x Vir: T #0 (~ \3®)
@ Sectors are mixed [O] ~ [O] & [O'] [®] (resonances)

conformal

v
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Space of States in CFT (BPZ)

Virasoro Algebra T(z) = > L,z "2

[Lna I—m] = (n - m)l-n+m +

C

12

(n? = 1)ndpsm

Primaries ®, and Descendants L_,,---L_p,--- ®,

Conformal Dimension

‘@

Irreducible

D2

)

presentations of

Virasoro

Lo|®k) = Ax|Pk)

Lp|®x) =0 (n>0)
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Null vectors in CFT

Kac spectrum &y (c=1— ﬁ)
A, (1) —gr2 -1
T age+ )

Null vectors Dy = (L™, + - )|®y)

ki

Factorization

—)

irreducible representation

Lo|Di) = (A + k) | Dyc)
L,-,|D/k> =0, n>0

v
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Oscillator realization

Oscillators and zero modes [an, a,] = MOmin, [Q,a0] =i

@ Free field

o(z) = /aologz-i-z am ,—m

m;éO

X = % 2%‘?(2)
27r/z

@ Virasoro algebra: [T(z),X] =0

@ Screening currents

1 1
T(z)= §a¢(z)2 + m82¢(z)
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Null vectors in Fock space Fjx = {a_n, ---a_n, P/}

Singular vectors [X*, T

@ Level One <¢'11|D11 = <(D11|31
o Level Two (®12|D1p = (®1o](a2 + §+_131)

o General case Djx - in terms of Jack polynomials (a, — >, x)
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DVA in CTM approach

Deformed Virasoro (CFT limit: x — 1, z ~ fixed)

@ Oscillators

1 (X2§m_X72§m)(X2(§+1)m_xf2(§+l)m)
[am, an] = = XM x—m m+n
xM4x—" —n
. — —— —7,9nZ
@ Screening currents U(z) ~ e 2 S

X =
/ 27TIZ

@ Deformed Virasoro Algebra: [T, X] =0

T(z) = AN(zx) + A Hzx7Y), Az) = X anz

o Null vectors - Macdonald polynomials g = x%, t = x2(6+1)
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Form factors from off-critical lattice (XYZ, RSOS)

Scaling limit x— > 1, z = x?¥
o Diagonalization of Hamiltonian HT (x%%) = E(B) T (x?*?)

E(B) — Mcosh 8
o ZF algebra T(x¥5)T(x?%) = §(g2) T(x2%) T(x2%)

sinh 3 + isin ¢
S(8) — sinh 8 — isinm§

@ Form factors of primaries

Tr}'/k (X4LO T(X2i61) T T(X2i6n)) — <¢l,k|/817 T ,Bn>
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Extra bosonic field B = exp >_ bz *

(B(2)B(w)) = (N2)A(w))~*
t(8) = T(x*7)B(x**)

Form factors of primaries

Jim (@ k[t(B1) - - t(Bn)|Prk) =
im1 Tre, x*OT(x?P1) .. T(x¥50) x Trz, x*oB(x?P1) ... B(x%Fn)
—

= |
= (®rulBa, - Ba)/ [ R(Bi — B)

i<j

R(5)- two particle minimal form factor
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Feigin-Lashkevich'09

Algebra t(3) = e®\_(8) + e A\ (p)

AN = OO =1
D (BX(0)) = (A (BA(0)) = 1+ oo

Heisenberg Descendants a,,

o Action of oscillators [A+(3), a,] = (F)" e AL(B)
o Left descendants (n > 0)

<a—n¢/,k\51, ooy By = <¢l,k’ant(51) T t(/Bn)‘cbl,k)
@ Right descendants (n > 0)

(3—n®rklB1, -+ Bn) = (Pri|t(Br) -~ t(Bn)a—n|Prk)
o Left-right "interaction” [a2n, 32m]| ~ On.m

v

Yaroslav Pugai Free fields approach to form factors of descendants



Example: level two null vectors

Level two descendant form factors: Dy = a3 + const X ap

(Palaz|Pq) =0,
(Do|ant(B1)|Py) = 2ie* sinar,
(®q]art(B1)t(B2)|Pa) = 2i((e2”* + €*2) sin 27rcx + 267772 sin m€)

(®q |31! a) =0,
(Pq |31 (B1)|®o) = 262 cos v,
(Dq|at(B1)t(B2)|Pa) = 4(e /Bl—l-eﬁz) cos® ey,

For a = —(§ + 1)/2 there is a null vector among @1, descendants:

(P12 D1at(B1) -+ - t(Bn)|®12) =0 n=0,1,2,...

. T
<¢12‘D12 = <¢12‘(3% 4+ /1 tan ;ag)

v
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Structure of the space of descendants

Questions

@ Arbitrary level k x | null vectors Dy, = a’l‘l + ... 7

(P Dit(B1) - t(6n)| i) = O

@ Will Dy create a null submodule?

o Currents conservation 9 Toyip = 00

@ Higher eq. of motion %D/kD,kCDQ =7
a=ajk

v
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Macdonald Polynomials (q,t)

Definition
e A={A,A2,...}, M>X>-- 3 A=n
o Tqif(xt,. . Xiy...,xn) = f(xt, -+ ,qxi, - ,Xn)
@ Py(x1,...,xn) - symmetric polynomial of degree n

Examples p, = (1 — q¢~") > x7 (- a, to get null vector for DVA)

1+t
1-t

Pay=p1, Ppo =pi+ p2

I+g 2
1—qP Panp=ri-
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General expression for null vectors

The proposal
Let A = {k}!_; be I x k rectangular partition. The level k x / null vector
descendant of @y is given by Macdonald polynomials Dy, = P, with

Pn—>an

g = e imEH) ¢ gmimE

For n=0,1,2,...

(Pik|Dit(B1) - - - t(Bn)|Pi) =0
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Integral representation

Intertwining operators
o Currents: U(z) = U(z)lattice) | __;
o Charges (x = —i, g = e~ /m(&+1))

X0 :7{ dz; ...?{Zdz_k U(z) - U(z)

2Tizy TiZ)
XF(z2/z1)F(za/23) - - - F(zk/2zKk—-1)

o F(z2) = X,y (-1 FE2"
o (XMW t(z)] =0
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Null Vectors in a single chirality

Statements on operators X (k)

@ Give integral representation for Macdonald polynomials with
qg= e—iw(ﬁ—{-l)’ t = e i

<¢I,k|Dl,k = <¢l,—k| X(k)

e Commute with particle creation operators t(/3) and acts as
XK #(B)---|d14) =0

@ Create a full tower of null vectors

ap XK £(B) - |®;4) =0
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Two "chiralities” and resonances |

Currents: U(z) => V,z7™ Y, W, = -V, V¥, ,
® Topyo — (P11|Vakyat(B) - - - |P11)
® Opp — (P13|Waxt(B) - - - [P13)
e 0 — ai
e 0 — a_q

Conservation law 0 Toxio = 09

(P11|Voks2t(B) - - - 3—1|P11) = (P13|Vokar t(B) - - - |P13)

Resonance condition

Ajr = Doe + (1 — Do)
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Two "chiralities” and resonances |

Currents: U(z) => V,z7™ Y, W, = -V, V¥, ,
® Topyo — (P11|Vakyat(B) - - - |P11)
® Opp — (P13|Waxt(B) - - - [P13)
e Jd—
e 0 — C_1

Conservation law 0 Toxio = 09

(P11[Woki2t(B) - - - To1]P11) = (P13|Wokcrt(B) - - [P13)

Resonance condition

Ajr = Doe + (1 — Do)
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Two "chiralities” and resonances ||

Higher equations of motion Dl,,DlnCD =7 (n is odd)

2 (®4|D1yt(8) -+~ Drala) =
= (P1,n42[t(B) - - [P1,n12) — (P

t(B) - |®-1,n)

Resonance condition

Aip+n= A1+ n(l—Ags)

Example n=1

d_ - . o
o 2 ?| _o= 00¢ = sinh(bg)
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Toward a basis of physical fields

Higher modes of screening currents

@ Definition
Yo = § L z"-1UY(2)1

27
@ Commutation relation

Yntm = _wm+2¢n—2
@ Intertwining property:
P XM = (=1)mX(m)qp,

@ Hypothesis on bound state equation for Lee-Yang £ =2/3
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Specific features

Statements on space of descendants

o Left and right chiralities are not independent

o Dy Dy - resonance situation: Al. Zamolodchikov higher equations
of motion for a sinh-Gordon.

@ Screening currents can be applied to get the higher conservation law
equations

@ Inverse screening currents creates operators which satisfy bound state
conditions )
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Conclusion

Algebraic approach to descendant form factors
@ Analogues of null vectors for a breaser sector of SG

o Integral representation for the Macdonald polynomials with
q= e—i7r(£+1)’ t = e~ imé

@ Analysis of resonances, conservation laws, higher equation of motion
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